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Abstract 

This research is an exposition on the topic Divisibility Criteria which are the bases of the 

different Divisibility Rules. It is a detailed study based on the discussion on Divisibility Criteria 

in the book Number Theory by Sergio Ymas, with the goal of arriving at a fixed rule or test 

mathematically formulated as: 

                            

when dealing with divisibility by   where   is prime. 

In particular, this paper aims to show in greater detail how the easier rules on divisibility by 

prime numbers are obtained.  

This paper also aims to justify that the existing rules on divisibility by   and    are not merely 

obtained by trial and error but instead existing rules are based on Number Theory. Finally, this 

study aims to justify the existence of fixed and efficient tests for divisibility by prime numbers 

higher than or equal to   . 

Keywords: divisibility, prime number, decimal system, modulo, congruence 

I.   Introduction 

The concept of divisibility of integers plays a vital role in the development of number theory. 

Divisibility is the property of a number which makes it able to contain another number an exact 

number of times, without any remainder after division. Such basic concept provides ideas which 

help us to understand concepts of numbers as either odd or even, prime or composite.  

According to Ymas [ ], if   is a positive integer greater than  , then the decimal representation 

of this positive integer is 

                
          ∑     

 

 

   

 

when the coefficients    are non-negative integers not exceeding  . Such definition becomes the 

spring board to prove and show that the easier existing divisibility rules or tests work. With the 

aid of the concept of congruences and modulo, other divisibility rules or tests have been 

discovered. 

Basic as it is, the concept of divisibility has been helpful in problem solving. Dealing with 

different types of numbers have been a lot easier knowing the different divisibility rules or tests. 

This study focuses on the divisibility rules or tests. The easier ones can readily be proved. This 

study reveals that divisibility tests for other prime numbers cannot just be based on trial and 

error. Rules and tests must be fixed and efficient based on the language of Number Theory. 

Statement of the Problem 

This study aims to present efficient procedures in testing for divisibility by different integers.  
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In particular, this study aims to show in greater detail how the easier rules on divisibility by 

prime numbers are obtained. 

It is also aimed to justify that the existing rules on divisibility by   and divisibility by    are not 

merely obtained by trial and error but instead existing rules are based on Number Theory.  

Finally, this study aims to justify the existence of fixed and efficient tests for divisibility by a 

prime number  , mathematically formulated as 

                   

when     and                       means that the number tested for divisibility by   

passed the test. 

Significance of the Study 

Divisibility rules or divisibility tests [ ] have made division procedure easier and quicker. 

Learning the divisibility rules and tests helps a lot in problem solving. 

This study may prove to be of great value to real life situations where mathematical problem 

solving is involved and divisibility rules can be used. 

From the conceptual point of view, this study attempts to provide a fixed and more efficient 

divisibility rules or tests for prime integers               and higher. 

 

II.  Methodology and Organization of the Study  

This study is an exposition where a comprehensive description and explanation of a 

mathematical concept or theory is presented.  

For better understanding of the concepts related to this study, additional explanations are 

provided using standard text such as [ ]. 

The concepts of divisibility rules for   to    are based on [ ] and [ ]. 

This work will consist of six parts from the Introduction, Research Methodology, Preliminaries, 

Results and Discussions, Conclusions and Recommendations, and References. 

 

III.  Preliminaries  

Basic definitions, examples, and illustrations needed for an easy understanding of the 

preliminary notions of this study are presented. Standard texts such as [ ] and links such as [ ] 

and [ ] are used as references. 

Definition of important concepts: 

1. Divisibility 

For two given integers   and  , if there exists an integer    such that     , then   is divisible 

by  . If      for any integers      and  , then   divides  . In symbol, this is written  | . 
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The following are equivalent statements: 

 

 

 

 

 

 

 

  is divisible by   

  divides   

  is a multiple of   

  is a divisor of   

  is a factor of b 

If   does not divide  , then it is written as    . This indicates that there exist integers   and   

such that  

         

where       

In the preceding equation, if    , then      which means  |  . 

2. Prime Number 

An integer     is called a prime number or simply prime, if there is no proper divisor of   

satisfying      . If an integer     is not prime, then it is a composite number. 

Examples: 

                       and    are primes. 

                                                   and    are composite 

numbers. 

 

3. Modulo 

       {             }    modulo   

Note that    has exactly   nonnegative integers. In particular, we define    with the following 

set of positive integers: 

       {     }           

       {         }           

       {             }           

In    , modulo is simply the remainder   when an integer     is divided by  , i.e. 

    
 

 
 has a remainder      

 

 

 

 

 

Illustrations: 

1. Find the remainder of the integers                 in                 

𝒂| 𝒃   
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4. Congruence 

If   is a positive integer and  |     then we say that   is congruent to   modulo   and in 

symbol,           . If   is not congruent to   modulo  , we write           . 

 For instance,             since  |         

But             since        . 

The following are equivalent to each other and may be used interchangeably. 

i.           .   

ii.  |     

iii.       , for some integer     

5. Divisibility Criteria 

We have some applications relating congruences in divisibility criteria. 

If   is a positive integer greater than one, it may be expressed in terms of some powers of 

another positive integer   such that  

                         
                 ∑     

  
     

For instance when      , it may be written as some powers of    , i.e. 

                                 

Ordinarily a positive integer   is written in the decimal system with base 10. If    , then the 

decimal representation of this positive integer is 

                              
            ∑      

  
     

where the coefficients    as nonnegative integers not exceeding  . 

It is a known fact that   is divisible by   if the last digit is even, i.e.  |  iff  |   where    a unit 

digit of  . 

Theorem 1 Let      ∑     
  

    be a polynomial function of   with integral   

   coefficients    for each  . If            , then                 . 

Corollary 1 If             and   is a solution of               , then   is 

also    a solution of               . 

Theorem 2 Let   ∑      
  

    be the decimal representation of              and 

   let   ∑    
 
   . Then  |  iff  | . 

Theorem 3 Let   ∑      
  

    be the decimal representation of              and 

   let   ∑            
 
   . Then   |  iff   | . 

Example 1: Let   ∑      
  

    be representation of the positive integer          .  

  Then show that 

i.  |                      

ii.  |                          

 

 

Solution: We shall show i and that of ii follows analogously. 
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Consider     ∑     
  

    . Since              then                   

So that 

                  
                

                                               

                    

It follows that if             if             . Thus,   is divisible by   iff the last digit in 

the representation of   is either   or  . 

 

IV.  Results and Discussion 
 

Using the concepts of Number Theory, the following results are obtained: 

DIVISIBILITY by   

 Let        
           

       
            

 Then                                      

                                               

               

 Since             implies that   is divisible by  ,    must be equal to          .  

DIVISIBILITY by   

Let ∑      
  

    where         and let   ∑   
 
    

          
           

       
            

                                                

 Since                   

                         

Then  |  iff  | . 

DIVISIBILITY by   

Let   ∑      
  

    where         

                                      

                                                

                which means that  

   is divisible by  , if     . That is   ends in   or   

DIVISIBILITY by   

Let   ∑      
  

    where         and let   ∑    
 
    

       
           

       
            

                                           

 Since               

                                 

                

              iff              

Then  |  iff  |  which means that a number is divisible by   if the sum of the digits is 

divisible by  . 
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DIVISIBILITY by    

Let   ∑      
  

    where          

       
           

       
            

                                           

 Since                

                 

 Thus   |  iff                

 

DIVISIBILITY by    

Let   ∑      
  

    where          

       
           

       
            

In        

                                                            

         

                                            

 Since                 

                

                  

                  

                                                  

                                 

                 

 iff                                

Thus, a number is divisible by   , if the difference of the sum of alternating digits is  . 

 

DIVISIBILITY by    

Let                                

Since    is divisible by   

               and   is divisible by   if the last digit    is divisible by   that is, 

              . We look at the last digit. 

Results for    where    ,     

1. For     

Since     is divisible by  , we just consider the last two digits: 

                               

                   

We look at the last two digits. If                    then   is divisible by  . 

2. For     

Since      is divisible by  , we just consider the last three digits: 

                               
                          

We look at the last three digits. If                       then   is divisible by  . 

3. For any     

  is divisible by    using the following test: 

                                       

 

 

 

We look at the last   digits. 
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 𝑎𝑘  𝑎𝑘   

  𝑎𝑘  𝑎𝑘   

  𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

  𝑎𝑘  𝑎𝑘   

  𝑎𝑘  𝑎𝑘   

  𝑎𝑘  𝑎𝑘   

Existing divisibility tests for   and    exists following certain procedures. Such tests are 

obtained merely from trial and error. 

Using the concept of Number Theory, it can be shown that such tests have their basis.  

For divisibility tests for  , any two terms can be used.  

 Let                                    

                                           

The simplest is       . Simplifying further, we have 

 where    is the last digit 

      is the number formed by the remaining digits 

 An alternative test can be used since               

 which is the existing test 

 

 

For divisibility by   , any two terms can be used. 

 Let                                              

                                              

The simplest is         which can be simplified as: 

  

  

Divisibility by    and other Prime Numbers Higher than    

DIVISIBILITY by    

                                                            

                                                    

The simplest is            which can be simplified as: 

since                

  

DIVISIBILITY by    

Following the same procedure, the simplest test is           which can be simplified as: 

  

 

DIVISIBILITY by    

Following the same procedure, the simplest test is           which can be simplified as: 

  

 

DIVISIBILITY by    

Following the same procedure, the simplest test is           which can be simplified as: 
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   𝑎𝑘  𝑎𝑘   

    𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

  𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

DIVISIBILITY by    

Following the same procedure, the simplest test is             which can be simplified as: 

since                

 

 

DIVISIBILITY by    

Following the same procedure, the simplest test is          which can be simplified as: 

since                 

 

DIVISIBILITY by    

Following the same procedure, the simplest test is          which can be simplified as: 

since                

 

DIVISIBILITY by    

Following the same procedure, the simplest test is            which can be simplified 

as: 

  

DIVISIBILITY by    

The following are possible divisibility tests but they involve large numbers: 

               

              

           

 

DIVISIBILITY by    

                                                          

                                        

The simplest is             which can be simplified as: 

  

 

DIVISIBILITY by    

                                                         

                                                          

                                                         

                                                         

                                                                 

                                                               

                                                   

The simplest is           which can be simplified as: 
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   𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

  𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

 

DIVISIBILITY by    

                                                          

                                                          

                                                          

                                                        

                                                                 

                                                                

                                                    

The simplest is            which can be simplified as: 

since                

 

DIVISIBILITY by    

                                                         

                                                           

                                                                

                                                           

The simplest is             which can be simplified as: 

 

 

DIVISIBILITY by    

                                                       

                                                          

                                                               

                                                   

                        

The simplest is              which can be simplified as: 

since                

 

DIVISIBILITY by    

                                                           

The simplest is         which can be simplified as: 

 

 

DIVISIBILITY by    

                                                          

                                      

The simplest is          which can be simplified as: 

 

 

DIVISIBILITY by    

The simplest is              which can be simplified as: 
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  𝑎𝑘  𝑎𝑘   

   𝑎𝑘  𝑎𝑘   

DIVISIBILITY by    

The simplest is             which can be simplified as: 

 

 

DIVISIBILITY by    

The simplest is             which can be simplified as: 

 

This study has justified the easier rules on divisibility. 

1. Divisibility rules for     and    require the test for divisibility of the last digit by     

and     

2. Divisibility rules for   and   require the summing up of digits while divisibility rules for 

   requires the summing up of alternating digits and getting the difference of sums. 

3. Divisibility rules for    requires divisibility of the number formed by the last   digits. 

 This study has also justified that the existence of divisibility test for   and divisibility test 

for    are from the form           and such rules are based on Divisibility Criteria set by 

Number Theory. 

1. Divisibility test for   given as          where    is the last digit and    is the number 

formed by the remaining digits is the same as         since               

2. Divisibility test for    is         

This study came up with interesting results. Divisibility tests obtained were of the form  

            

1. Divisibility by    is based on            which can be simplified as         

2. Divisibility by              and    can be summarized in the table below: 

Prime Number Divisibility Tests 

19         

29         

59         

79         

89         

 The inclusion of composite numbers    and    completes the pattern. 
 

3. Divisibility by            and    

Prime Number Divisibility Tests 

31          

41          

61          

71          

 The inclusion of composite numbers       and    completes the pattern. 
 

4. Patterns for divisibility by prime numbers higher than   and               and     and 

prime numbers higher than               and     can be obtained but they involve 

larger numbers.  
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Prime Number Divisibility Tests 

7          

17          

37           

47           

67           

97           
 

 The inclusion of composite numbers           and    complete the pattern. 
 

Prime Number Divisibility Tests 

13         

23         

43          

53          

73          

83          

 The inclusion of composite numbers        and    complete the pattern. 

 

 

V.  Conclusions and Recommendations 

This study has justified the existence of easier rules on divisibility by                 . It has 

also justified the fixed and efficient rules for divisibility by   and   . Fixed and efficient rules 

for prime numbers higher than    are mathematically formulated as 

          where     

and   is the last digit and      is the number formed by the remaining digits. 

From this study, it can be concluded that odd prime numbers ending in         follow certain 

patterns with composite numbers of the same ending. 
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